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Upwind Navier-Stokes Solutions for
Separated Periodic Flows

Christopher L. Rumsey,* James L. Thomas,* Gary P. Warren,* and Grace C. Liu*
NASA Langley Research Center, Hampton, Virginia

The application of an upwind implicit approximate factorization Navier-Stokes algorithm to highly separated
flow is described. Using both the thin-layer and complete forms of the Navier-Stokes equations, the low Reynolds
number laminar flow around a circular cylinder with periodic shedding is solved. The effects of grid density, grid
extent, and time step on the Strouhal number are shown. Results from both sets of equations agree within the
experimental data band. Unsteady, laminar flow computations for inclined plates and airfoils are also described.
Strouhal numbers agree to within 5% of experiments for inclined plates. Differences between solutions of the
complete equations and the thin-layer approximation for separated periodic flows are discussed. Computations of
an impulsively started circular cylinder yield time-accurate flowfields in good agreement with experimental flow
visualizations. The turbulent Reynolds-averaged computation of an airfoil at a high angle of attack of 25 deg is
massively separated, but it shows little evidence of periodicity.
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Nomenclature
= speed of sound; also distance of bubble

center behind cylinder
N = Jacobian matrices

= height of bubble center above centerline
of cylinder

= airfoil chord (taken to be unity)
= section drag coefficient
= coefficient of friction
= section lift coefficient
= pressure coefficient
= cylinder diameter (taken to be unity)
= total energy, nondimensionalized by p^a^
= fluxes of mass, momentum, and energy
=- 1/(JNJ*NK)
= identity matrix
= transformation Jacobian; also index

for direction along body
= index for direction outward from body;

also stretching factor
= characteristic length: d for cylinder,

c for airfoil or plate; also length
of separation bubble

= freestream Mach number
= shedding frequency
= number of grid points along body,

in J direction
= number of grid points outward

from body, in K direction
= pressure, nondimensionalized by p^ a^
= Prandtl number
= conservation variables
= distance outward from body
= viscous terms of the Navier-Stokes formulation
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Subscripts
max
min
x,y

oo

= Reynolds number, P^U^/IL^
= Reynolds number, p^a^/p,^
= right-hand side term of Navier-Stokes equation
— Strouhal number, «/ sina/w^
= time, nondimensionalized by ^/a^
= Cartesian velocities in x and y directions,

respectively, nondimensionalized by a^
= Cartesian coordinates
= angle of attack
— stretching function parameter
= ratio of specific heats
= Q"+l - Qn

= time step
= general curvilinear coordinates
= coefficient of bulk viscosity
= coefficient of molecular viscosity
= density, nondimensionalized by p^
= viscous shear stress terms

= maximum
— minimum
= differentiation in x and y directions,

respectively
= differentiation in 17 and f directions,

respectively
= conditions at infinity

Superscripts
n = time level
O — quantities in generalized coordinates
± = positive and negative flux contributions

Introduction

THE study of unsteady viscous flow problems is a funda-
mental aspect of classical aerodynamics that does not

easily lend itself to computational analysis because of inherent
turbulence, massive flow separation, and strong viscous/
in viscid interaction. However, it is important to attempt to
solve these types of flows since a large number of problems of
practical importance are unsteady. For example, flows around
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bluff bodies such as cables, external stores, or buildings are
generally unsteady and periodic in nature. At high angles of
attack past stall, airfoils exhibit similar characteristics. The
successful analysis of high- angle-of- attack airfoil flows would
enable prediction of maximum lift coefficient and stall angle
for use in performance studies, as well as determine the
unsteady lift, moment, and flowfield for use in dynamic stabil-
ity and control studies.

Extensive experimental results for unsteady flow around
circular cylinders and high-angle-of-attack flat plates are
available in the literature. These include the experiments and
documentation of Thorn,1 Morkovin,2 and Roshko3 for cylin-
ders and of Page and Johansen4 and Tyler5 for flat plates.
Cylinders shed alternating vortices with a constant Strouhal
number of approximately 0.21 between Reynolds numbers of
about 200 to 10 5; Strouhal numbers are lower below this
range and higher past Reynolds numbers of 10 5. Page and
Johansen measured Strouhal numbers of approximately 0.15
at all angles of attack between 28 and 90 deg for flat plates at
Reynolds numbers between about 3*104 and 1.5*10 . Tyler' s
experiments yielded a Strouhal number of about 0.158 at all
angles of attack between 20 and 90 deg, for Reynolds numbers
between about 200 and 7000.

Jones6 found qualitatively that some airfoils exhibit a large
range of lift coefficients at a constant angle of attack just past
the stall angle but show fewer oscillations at slightly higher
angles. Tyler5 determined a general Strouhal number of about
0.150 for airfoils between 20- and 90-deg angles of attack, at
Reynolds numbers between about 200 and 7000.

Computational studies have been performed on separated
airfoil flows. Ghia, Osswald, and Ghia7'8 used the incom-
pressible form of the Navier-Stokes equations in terms of
vorticity and stream function to analyze the unsteady laminar
flow over a 12% -thick Joukowski airfoil at 5, 15, and 30 deg.
Lecointe and Piquet9 used several compact schemes with the
Navier-Stokes vorticity/stream- function formulation to solve
for the laminar flows around circular cylinders and airfoils.

Rumsey10 used a central-difference, thin-layer Navier-Stokes
code developed by Pulliam et al.11 to predict the flow around
low Reynolds number circular cylinders and high Reynolds
number turbulent airfoils past stall. The airfoil results agreed
qualitatively with Jones' description of stalled flow. In ad-
dition, an implicit upwind Navier-Stokes code using conserved
flow variables and flux-vector splitting was introduced and
used to analyze laminar circular cylinder flow.

The present paper continues the investigation of separated
periodic flows using the implicit upwind Navier-Stokes code
presented in Ref. 10. A thorough investigation of low
Reynolds number circular cylinder flow is conducted using
both thin-layer and complete Navier-Stokes formulations, in-
cluding effects of spatial and temporal grid refinement and
grid extent. Separated laminar inclined plate solutions are
compared with experiment, and several unsteady laminar flows
over airfoils are presented. Finally, a turbulent solution for a
stalled airfoil is included.

Governing Equations
The two-dimensional Reynolds- averaged Navier-Stokes

equations can be written using generalized coordinates as

f

Q-Q/J

(1)

(2a)

(2b)

(2c)

pu
pv G =

pu
pu2+p

puv
u(e+p)

H =

pv
puv

pv2+p

(3)

where 17 is the coordinate along the body and f is the
coordinate normal to the body.

The viscous terms on the right-hand side are given by

R

0

S =
0

rxx = (A

ryy = ( A

(5)

(6a)

(6b)

(6d)

(6e)

Stokes hypothesis, A = - f /x, is used for bulk viscosity. The
coordinate transformation Jacobian is given by

Sx = -

(7)

(8)

The thin-layer assumption can be made when the viscous
terms associated with derivatives tangent to the body are
considered negligible. The thin-layer equations are the same as
Eqs. (1-6), except that all derivatives with respect to 17 on
the right-hand side are zero (including all 77 derivatives in R
and S).

An implicit, upwind, finite-volume scheme described by
Rumsey10 is used to solve Eq. (1). Application of approximate
factorization allows the system of equations to be solved in
two sweeps:

(9a)

RHS = d~G+

x

- R~e~

(10)

The + and — superscripts indicate flux split quantities,
according to the flux vector splittings of Van Leer.12 A and B
are linearizations of the G and H fluxes, and M and TV arise
from the linearizations of viscous terms in the f direction and
j] direction, respectively. All viscous terms are centrally dif-
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ferenced, and implicit cross-derivative terms are neglected in
the formulation. This algorithm is accurate to first order in
time, and second order in space. Implicit spatial derivatives of
the convective and pressure terms are first-order accurate.

Considerable computational time can be saved by updating
the A, B, M, and N matrices once every set number of
iterations, generally specified as twenty in the present study.
This procedure has been found to yield identical results to
continuous updating for unsteady solutions, provided that the
period of unsteady oscillation is considerably greater than the
number of iterations to update.

The thin-layer Navier-Stokes equations are similar to Eqs.
(9a) and (9b), again with the exception that there are no 17
derivatives in the viscous terms in RHS and there is no
implicit viscous term addition in the first sweep. Since this is
an upwind scheme, no artificial dissipation is necessary, and
there are no dissipation parameters to adjust. For turbulent
calculations, the two-layer algebraic eddy viscosity model of
Baldwin and Lomax13 is employed as a turbulence model.

Boundary conditions are applied explicitly. No-slip, adia-
batic wall conditions, as well as zero pressure conditions, are
applied to the body:

u = v = 0 (lla)

dp da2 _
9! = 0 (lib)

where a2 is proportional to the temperature. In the far field,
the subsonic freestream boundary conditions are determined
through a characteristic analysis normal to the boundary, and
a point vortex representation for induced velocities on the
outer boundary is included. Details can be found in Thomas
and Salas.14

For some cases, flux limiting is employed in order to limit
the differences used in the state variable interpolations to cell
interfaces, enabling larger time steps to be taken in regions of
high gradients. A description of the continuously differentia-
ble limiter used can be found in Anderson et al.15

Results
In the initial part of the present study, steady-state compu-

tations were performed for code validation. One of these is
detailed in the present paper in order to establish the accuracy
of the code. A summary of the unsteady, time-accurate com-
putations is given in Table 1. Four general categories of
unsteady flow are analyzed: laminar circular cylinder flow,
laminar inclined flat-plate flow, laminar airfoil flow, and
turbulent airfoil flow.

The present code is fully vectorized for the VPS-32
computer. The computational speed of the code is approxi-

mately 14.5 jits/grid point/time step for laminar thin-layer
Navier-Stokes solutions, 15.5 /is/grid point/time step for
turbulent thin-layer Navier-Stokes solutions, and 16.5 jits/grid
point/time step for laminar complete Navier-Stokes solutions.

Steady-State Results
The RAE 2822 airfoil was analyzed on a 265 X 101 C-mesh

with an outer boundary extent of 20 chords. The algebraic
turbulence model of Baldwin and Lomax13 is employed be-
yond the location of experimental transition strips (x/c = 0.03)
on the airfoil; in front of this point, laminar flow is assumed.
The pressure and skin-friction distributions are compared in
Fig. 1 to experimentally determined values (Cook et al.16), as
well as to results from the thin-layer central-difference
Navier-Stokes code of Swanson et al.17 Both methods show
good agreement with experiment over the entire airfoil and
predict the location of the upper surface shock in close
agreement with the experimental location. The value of lift
obtained with the present method is 0.816, while the method
of Swanson gives 0.820. The experimental value is 0.803. The
effect of the far-field boundary extent on the computed lift
coefficient has been investigated. The lift coefficient increases
by 3% from 0.7845 to 0.8101 when the outer boundary is
moved from 10 to 15 chords. With an outer boundary extent
of 20c, the lift coefficient is 0.8157, an increase of only 0.7%
from the result using the 15 c extent grid. Note that the
experimental results were obtained at a = 3.19 deg; the angle
of attack of 2.79 deg used in the computations is the wall-cor-
rected angle based on linear theory.

-2.5 r

o Experiment (ref 16)
—— Present method
- - -Re f 17

a)

b)

Fig. 1 RAE 2822 airfoil: OL = 2.79 deg; M= 0.73; Re = 6.5* 106. a)
pressure distribution; b) upper surface friction coefficient.

Table 1 Unsteady Navier-Stokes computations

a. deg M Re
Circular cylinder

0 0.3 174
0 0.3 174
0 0.3 200

Flat plate
20 0.3 1000
30 0.3 1000

12% Joukowski airfoil
15 0.4 1000
15 0.4 1000
30 0.3 1000
53 0.3 1000

NACA 0012 airfoil
20 0.3 3000
20 0.3 20,000
20 0.3 350,000
25 0.3 1 million

N-S Eq.

Thin-layer
Complete
Thin-layer

Thin-layer
Thin-layer

Thin-layer
Complete
Thin-layer
Thin-layer

Thin-layer
Thin-layer
Thin-layer
Thin-layer

Grid

—
—

101 X 101

193 X 65
193 X 65

214 X 43
214 X 43
161 X 45
161 X 45

151 X 40
151 X 40
151 X 40
201 X 65

A^min

__

—
0.00056

0.001
0.001

0.00125
0.00125
0.00086
0.00086

0.0001
0.0001
0.0001
0.00004

max

—
—
20

20
20

8
8
10
10

10
10
10
10

A/

—
—

0.05

0.005
0.005

0.05
0.05
0.01
0.01

0.01
0.002
0.002
0.001

cf range

-0.8-0.8
-0.6-0.6

—

0.83-0.94
0.95-1.4

0.51-0.85
0.50-0.82

.92/.96-1.17/1.22
0.95-1.27

0.69-0.74
0.63-0.67
0.60-0.67

c,= 1.07

St

0.195
0.189

—

0.152
0.150

0.136
0.133
0.166
0.166

0.163
0.175
0.168

—

Experiment

Ref. 2, Sr = 0.174
to 0.196

Ref. 19, startup

Ref. 4, St = 0.164-0.172
Ref. 4, 57 = 0.153

—
—
—
—

—
• —
—

Ref. 21, Cf= 1.0
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Unsteady Laminar Circular Cylinder Flow
An extensive grid refinement study was conducted for un-

steady laminar circular cylinder flow at a Reynolds number of
174, and thus only two results are listed in Table 1—one for
thin-layer and one for complete Navier-Stokes equations. The
results correspond to Strouhal numbers for an infinitely fine
mesh extending to infinity, using an infinitely small time step.
Note that 25 computations were made in order to obtain these
results. Three grid sizes, 151 X 76, 166 X 84, and 201 X 101,
were used with systematic variations in outer boundary extent
and time step as described below.

An O-mesh topology for the cylinder flow is used with
uniform spacing of the radial (/ = const) lines, and with
exponential stretching of the circumferential (K= const) lines.
In order to ensure that the grid spacing approaches zero
uniformly throughout the mesh as it is refined, the variable
grid scheme of Blottner18 is used:

where

(12)

(13)

A/7ref is the number of grid points in the / direction of the
reference grid (which is subsequently to be refined), and K is
the geometric stretching factor, typically on the order of 1.1.
An earlier study performed by Rumsey10 for this same case
resolved the grid spacing only normal to the body. The
present results are an extension of this study, since grid
spacing is refined in both the normal and tangential direc-
tions.

Figure 2 shows example lift-coefficient time histories for the
thin-layer and complete Navier-Stokes solutions, using a time
step of 0.1 on identical grids (166 X 84) at a Reynolds number
of 174. The solutions are periodic: the thin-layer equations
predict a Strouhal number of 0.170, while the complete equa-
tions predict 0.164 for this case. The magnitude of the maxi-
mum-to-minimum lift range is higher for thin-layer than com-
plete equations by about 30%. Note that on this and all
subsequent time-history plots, the nondimensional times given
on the abscissa are for reference only and do not necessarily
reflect the amount of time taken to reach the point shown. All
unsteady computations are made until a repeatable limit cycle
is reached—only these repeatable cycles are shown. In the
case of the circular cylinder for meshes with uniform spacing
of the radial lines, it is necessary to perturb the solution (by
introducing a y-velocity component at one instant in time
early in the evolution of the flow) in order to obtain a
periodic, as opposed to steady, solution.

The effect of grid refinement on Strouhal number for the
thin-layer equations is shown in Fig. 3 for three grid extents
and a fixed time step of 0.1. The linear relationship between
Strouhal number and h2 confirms the second-order spatial
accuracy of the solution. Increasing the grid extent decreases
the Strouhal number, and increasing the grid density increases
the Strouhal number. The stretching factor for the coarsest
grid, Kref, is chosen to ensure that approximately 20 points lie
in the laminar boundary layer. The 20-diameter solution was
run with grids using two different stretching factors. The lower
stretching factor gives a higher Strouhal number for a given
number of grid points, but both extrapolate to the same
Strouhal number for an infinitely refined mesh. Notice that
the coarsest mesh (151 X 76) with a grid extent of 20 d gives a
Strouhal number approximately 9% in error from that of an
infinitely refined grid with the same grid extent. Figure 4
depicts a similar grid refinement study at a time step of 0.1 for
the complete Navier-Stokes solution. Again, the results con-
firm that the algorithm is second-order accurate in space, and
the trends are very similar to those described above for the
thin-layer solutions.

N-S eqn St
—— Thin-layer 0.170
---Complete 0,164

Fig. 2 Circular cylinder lift-coefficient time history; M = 0.3; Re -
174.

8
on
(7).17

20 d

1 .08

1 . 1 1

1 . 1 0

1 . 1 4
_J

1.0

h2 X 104

Fig. 3 Effect of grid refinement on Strouhal number for circular
cylinder using thin-layer N-S; M = 0.3; Re = 174.

5 d 1.08

10 d 1 . 1 1

20 d 1 .14

Fig. 4 Effect of grid refinement on Strouhal number for circular
cylinder using complete N-S; M = 0.3; Re = 174.

The effect of outer boundary extent and time step is shown
in Fig. 5. The results at a time step of 0.1 corresponding to
h2 -> 0 from Figs. 3 and 4 are shown. In addition, the circular
cylinder was analyzed on the 201 X 101 grid at a lower time
step of 0.05 for both the 10 d and 20 d grid extents, in order to
determine the effect of time step on the Strouhal number. The
lower time step was found to increase Strouhal number in
both cases. Since the present method is known to be first-order
accurate in time, the Strouhal number corresponding to an
infinitesimally small time step and infinitely refined mesh can
be extrapolated by assuming that the same spatial dependence
of Strouhal number shown in Figs. 3 and 4 applies to the
solutions refined in time. Results at an extrapolated time step
of zero shown in Fig. 5 are about 7% higher than results for a
time step of 0.1. The thin-layer Navier-Stokes solutions pro-
duce Strouhal numbers slightly higher (3%) than those given
by the complete equations, although both fall within the band
of experimental results (from Morkovin2).

Computations using the thin-layer Navier-Stokes equations
are compared with experiment for a cylinder at a Reynolds
number of 200 at small times after an impulsive start. A
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101 X 101 half-cylinder mesh is used, with symmetry enforced
along the centerline. The time step is 0.05. Figure 6a shows the
wake bubble parameters t/d, a/d, and b/d in comparison to
the experiment of Bouard and Coutanceau.19 Theory shows
good agreement with experiment. Figure 6b shows stream-
function contours of the solution at time t = 8.35.

Unsteady Laminar Inclined Flat-Plate Flow
Fage and Johansen4 determined experimental Strouhal

numbers for a flat plate at high angles of attack. The plate,
tested at Reynolds numbers of about 150,000, had sharp edges
and was flat on one face, with a small amount of thickness
(3% at midchord) on the other. In the present study, an
O-mesh is used to model this shape, and two angles of attack
at a Reynolds number of 1000 are analyzed. In both experi-
ment and computation, the flat side of the plate faces toward
the oncoming flow. The Reynolds number of the computation
is lower than that of the experiment; however, Fage and
Johansen found the Strouhal number to be relatively insen-
sitive to Reynolds number. A Reynolds number sensitivity
study for an airfoil, described in the next section, supports
this hypothesis as well.

Table 1 summarizes the computed results for the inclined
plate at angles of attack of 20 and 30 deg, and Fig. 7 shows
the corresponding lift-coefficient time histories. Both thin-layer
solutions have very regular periodic natures. Strouhal numbers
for the 20- and 30-deg cases are 0.152 and 0.150, respectively.
The 30-deg result agrees very well with the experimental value
of 0.153 determined by Fage and Johansen, but the 20-deg
result is slightly lower than the measured values of 0.164-0.172.
Tyler5 determined a general Strouhal number of 0.158 for flat
plates from 20- to 90-deg angle of attack, in close agreement
with the present results.

Pressure coefficients, averaged over approximately two
cycles, are compared with experimental values in Fig. 8 for the
30-deg case. Agreement is excellent everywhere except on the
upper surface near the leading and trailing edges, where
theory predicts small pressure peaks not present in the experi-
mental data. It should be noted that experimental data for the
upper surface was obtained by inverting the plate and allow-
ing the flat surface (which contained the pressure taps) to face
away from the oncoming flow.

Unsteady Laminar Airfoil Flow
Calculations using the thin-layer equations are made for the

NACA 0012 airfoil at an angle of attack of 20 deg for three
different Reynolds numbers: 3000, 2*104, and 3.5 *105. The
same 151 X 40 grid is used for each case. Its minimum normal
spacing is small enough to allow for 10-20 grid points in the
laminar boundary layer at the highest Reynolds number. The
lift variation with time is shown in Fig. 9. The highest lift
values are obtained at the lowest Reynolds number, and the
magnitudes of the minimum-to-maximum lift-coefficient vari-
ation in the limit cycles are different for each Reynolds
number. However, the Strouhal number changes very little,
giving 0.163, 0.175, and 0.168 for the lowest to the highest
Reynolds number. This represents a maximum change in
Strouhal number of about 7% over this wide range of laminar
flow Reynolds numbers. These Strouhal numbers are com-
parable to the general Strouhal number of about 0.150 given
by Tyler5 for airfoils between 20- and 90-deg angle of attack.

The 12% Joukowski airfoil was analyzed using the thin-layer
equations for a Reynolds number of 1000 at three different
angles of attack. A 214x43 grid (with 100 points on the
airfoil surface) is used for the unsteady 15-deg solution. This
allows for direct comparison with the results of Ghia et al.7
The other two angles of attack are analyzed on a 161 X 45
grid, with 87 points on the airfoil surface. Lift-coefficient time
histories are shown in Fig. 10. The 15-deg case yields lower
values of lift than both the higher angles. Strouhal numbers
are 0.136, 0.166, and 0.166 for the 15-, 30-, and 53-deg
configurations, respectively.

For the 15-deg case, the Strouhal number obtained using
the thin-layer Navier-Stokes equations is 2% higher than that
using the complete equations on the same grid, and the
minimum-to-maximum lift range is higher, as seen in Fig. 11.
These trends are similar to the earlier results for the circular
cylinder. It appears that even at low Reynolds numbers (as
evidenced by results at Re = 174 for cylinders and Re = 1000
for airfoils) the thin-layer equations can predict Strouhal
numbers for unsteady flows to within a few percent of the
complete equations, but the lift values can be in error by as
much as 30% at the maximum and minimum lift locations.

00-18

—— Thin-layer N-S
---Complete N-S

At = 0
(extrapolated)

At = 0.1

1/r max

Fig. 5 Effect of outer boundary and time step on Strouhal number for
circular cylinder; M = 0.3; Re = 174.

b)

Fig. 6 Startup computation for circular cylinder; M = 0.3; Re =
a) wake bubble parameters; b) stream-function contours.

200.

1.6
a, deg Strouhal number

Exp(ref 4) Thin-layer
—— 20 0.164-0.172 0.152
--- 30 0.153 0.150

40 50 60
t

70 80

Fig. 7 Lift-coefficient time history for inclined plate; M = 0.3; Re =
1000.



540 RUMSEY, THOMAS, WARREN, AND LIU AIAA JOURNAL

-2.5

-1.5

-.5

1.5

Re
° Experiment (ref 4) 150,000

—— Thin-layer N-S 1000

.3 .5-.3 -.1 .1
x/c

Fig. 8 Mean pressure distribution for inclined plate; a = 30 deg;
M=0.3.

1.2

1.0

o~ .8

N-S eqn St
—— Thin-layer 0.136
---Complete 0.133

20 40 60
t

100

Fig. 11 Lift-coefficient time history for 12% Joukowski airfoil; a = 15
deg; A/=0.4; to =1000.

c T - 7 -

Re
3000

---20,000

At
0.01
0.002

— -350,000 0.002

St
0.163
0.175
0.168

20 40 60
t

Fig. 9 Lift-coefficient time history for NACA 0012 airfoil; a = 20
deg; M=0.3.

2.0

1.6

1.2

.8

OL, deg
—— 15

- --- 30
— - 53

- /;>
•-/ \/ Nx.

_

M
0.4
0.3
0.3

\ / ^
/ 'J**-'

A

grid
214x43
161x45
161x45

\ i~ \ '\ \ / A
^ \/ /

A ^ A r

At
0.05
0.01
0.01

''\
V/ \,

\ A

St
0.136
0.166
0.166

70

Fig. 10 Lift-coefficient time history for 12% Joukowski airfoil; Re =
1000.

On an identical grid, Ghia et al. obtained a Strouhal num-
ber for the 15-deg case of 0.18 with a minimum lift coefficient
of about 0.67 and a maximum of about 1.05 (Ref. 20). For the
30-deg case, the Strouhal number of 0.166 from the present
method is very similar to the average Strouhal number of
about 0.17 obtained by Ghia et al. In addition, the behavior of
the cycles is similar, exhibiting two different minimum and
maximum lifts in a cyclic fashion, indicating a subharmonic
frequency of oscillation. The extremum values of lift are
different, however. The peak lift coefficients from Ghia et al.
are, in order: 1.9, 0.98, 1.57, and 0.80. Present thin-layer
results give 1.22, 0.96, 1.17, and 0.92.

Unsteady Turbulent Airfoil Flow
Rumsey10 previously used the central-difference code of

Pulliam to analyze the flow about a NACA 0012 airfoil at 18
and 19.4 deg and found the flows to be unsteady and periodic
with a Strouhal number of about 0.03. Present upwind dif-
ference results at 18 deg yield an unsteady flow with the same
Strouhal number of 0.03. However, present results at 25 deg
on a 201 X 65 grid with a time step of 0.001 indicate a nearly
steady solution, with only a small nonperiodic variation in lift

a)

b)
X/C

1.0

Fig. 12 Turbulent computation for NACA 0012 airfoil; a = 25 deg;
M = 0.3; Re = I * 106. a) stream-function contours; b) pressure distri-
bution.

about an average value of about 1.07. Experimental results of
Loftin21 for a NACA 0012 airfoil at M = 0.5 and Re = 1.3 * 106

show a lift coefficient of about 1.0 at this angle of attack. It is
possible that at this angle of attack the airfoil is past the
region, just beyond maximum lift, where significant oscillatory
behavior is present (see Jones6 and Rumsey10). Results are
given in Figs. 12a and b. A massively separated region is
evident above the airfoil. The peak pressure coefficient has a
value of about — 4.7.

Concluding Remarks
An implicit finite-volume upwind Navier-Stokes code has

been used for several steady and unsteady computations. Both
the thin-layer and complete formulations of the Navier-Stokes
equations have been used, and an evaluation has been made
of the differences between their results. A systematic grid and
time refinement study was conducted for laminar circular
cylinder flow at a Reynolds number of 174, including the
effect of grid density, grid extent, and time step on the
Strouhal number. The thin-layer and complete Navier-Stokes
formulations give Strouhal numbers of 0.189 and 0.195, re-
spectively, in excellent agreement with the experimental range
of 0.174-0.196. Thin-layer equations produce a larger variation
in the oscillatory lift coefficient, -0.8-0.8, as opposed to
— 0.6-0.6 for complete equations. The present method yields
accurate wake shapes in comparison to experiment for early
times on an impulsively started laminar flow over a cylinder.
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Computations for the inclined plate tested experimentally by
Page and Johansen predict Strouhal numbers comparable to
experimentally measured values at 20- and 30-deg angle of
attack. The average pressure coefficient over the plate at 30
deg shows good agreement with experiment.

Unsteady laminar flow computations over a NACA 0012
airfoil at 20-deg angle of attack have been made over a range
of Reynolds numbers. The Strouhal number shows little change
with Reynolds number, although the periodic lift levels change
appreciably. Unsteady calculations for a Joukowski airfoil
indicate differences between the thin-layer and complete
Navier-Stokes results similar in nature to those observed for
the circular cylinder: Strouhal numbers are nearly identical,
but the thin-layer equation predicts a greater minimum-maxi-
mum lift variation. All Strouhal numbers obtained for airfoils
are somewhat higher than the general airfoil Strouhal number
of 0.150 defined experimentally by Tyler. Turbulent flow
computations of a NACA 0012 airfoil at 25 deg predict a
nonperiodic, massively separated solution, in good agreement
with the experiments of Loftin.
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